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1 Topological preliminaries

Let (X, 7) be a topological space.

1.1 Separation axioms

Definition 1.1 : Basic separation notions

1.

Two subsets of X are said to be topologically indistinguishable if they have exactly

the same neighbourhoods.

. Two subsets of X are said to be separated if each of them has neighbourhood that is

not a neighbourhood of the other.

. Two subsets of X are said to be separated by (closed) neighbourhoods if they

have disjoint (closed) neighbourhoods.

. Two subsets A, B of X are said to be (resp. precisely) separated by a continuous

function if there exists a continuous function f: X — R such that A C f~1({0})

(vesp. A= f({0})) and B € f({1}) (vesp. B = = ({1}).
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Definition 1.2 : Separation axioms

1.

X is Kolmogorov (or Tp) if any two distinct points in X are topologically indistin-
guishable.

X is Fréchet (or T7) if any two distinct points in X are separated. Equivalently, every
single-point set is a closed set.

. X is Hausdorff (or T») if any two distinct points in X are separated by neighbour-

hoods.

X is Urysohn (or T51,) if any two distinct points in X are separated by closed
neighbourhoods.

X is completely Hausdorff (or completely T5) if any two distinct points in X are
separated by a continuous function.

X is regular Hausdorff (or T3) if it is both Kolmogorov and regular.
X is Tychonoff (or completely T3) if it is both Kolmogorov and completely regular.
X is normal Hausdorff (or 7y) if it is both Fréchet and normal.

X is completely normal Hausdorff (or 7%) if it is both Fréchet and completely

normal.

X is perfectly normal Hausdorff (or Tg) if it both Kolmogorov and perfectly

normal.

J
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Definition 1.3 : Normality axioms

1.

X is normal if any two disjoint closed subsets of X are separated by neighbourhoods.

Equivalently, if they are separated by a continuous function.

X is completely normal if any two separated sets are separated by neighbourhoods.




3. X is perfectly normal if any two disjoint closed sets are precisely separated by a

continuous function.

Definition 1.4 : Regularity axioms

1. X is symmetric (or Ry) if any two topologically distinguishable points in X are

separated.

2. X is preregular (or R;) if any two topologically distinguishable points in X are
separated by neighbourhoods.

3. X is regular if for any point x and closed set F' in X such that z ¢ F', F and {z} are
separated by neighbourhoods.

4. X is completely regular if for any point 2 and closed set F in X such that « ¢ F,

F and {z} are separated by a continuous function.

5. X is normal regular if it is both symmetric and normal.

Proposition 1.5 : Relations between separation axioms

1. Perfectly normal Hausdorff =- completely normal Hausdorff = normal Hausdorff
= Tychonoff = completely Hausdorff = Urysohn = Hausdorff = Fréchet

= Kolmogorov.

2. Normal Hausdorff = normal regular = completely regular = regular =

preregular = symmetric.
3. Tychonoff = Regular Hausdorff = Urysohn.
4. Perfectly normal = completely normal = normal.
5. Perfectly normal = completely regular.
6. Fréchet < Kolmogorov and symmetric.

7. Hausdorff < Kolmogorov and preregular.

Proposition 1.6

Let (X, 7) be a topological space.
Then, X is Fréchet if, and only if, for all A C X, the intersection of all neighbourhoods of A
is equal to A.

Proof. Suppose X is Fréchet. Let A C X and write [4 := ﬂUeN(A) U. Tt is straightforward that
A C I by definition of neighbourhoods. If A is empty, then & is a neighbourhood of A, and thus
I, = @ = A. Otherwise, I is non-empty since it contains A. Let x € I4 which means that, for all
U € N (A), we have z € U. By contradiction, suppose that z ¢ A, then, since the space is Fréchet,
for any a € A, there exists an open neighbourhood of a that does not contain z, denote it by U,.
Therefore, V' := J,c 4 Ua does not contain x. However, it is an union of open sets, and therefore
open, as well as a set that contains all points of A by construction; hence is a V' is neighbourhood
of A that does not contain z which contradicts the definition of z. Hence A = I4.

Suppose now that for all A C X we have A = I4. Let x,y € X distinct points. Then, I1,, = {z}

and I,y = {y}. By contradiction, if y is not seperated from z, i.e. there are no neighbourhood of



x that does not contain y, then y € I, hence y = z, a contradiction. Same for z. Therefore, =

O

and y are seperated and thus the space X is Fréchet.

1.2 Countability axioms

Definition 1.7 : Countability axioms

1. X is sequential if a subset A of X is open if every sequence converging to a point in

A is eventually in A.

2. X is first-countable if every point has a countable fundamental system of neighbour-
hoods.

3. X is second-countable if the topology has a countable base.

4. X is separable if there exists a countable dense subset.

5. X is Lindel6f if every open cover has a countable subcover.

6. X is o-compact if there exists a countable cover by compact spaces.

7. X is paracompact if every open cover has an open refinement that is locally finite.

Proposition 1.8

1. Second-countable =- first-countable = sequential.
2. Second-countable = separable and Lindelof.

3. o-compact =- Lindelof.

4. Regular and Lindel6f =- paracompact.

5. Hausdorff and paracompact = normal.

1.3 Metric spaces

Proposition 1.9

Metrisable spaces (hence, metric spaces and discrete spaces) are:
o perfectly normal Hausdorff,
e first-countable,

e paracompact.

Proposition 1.10

e
\

For a metrisable space:

second-countable < separable < Lindel6f.




1.4 Differential manifolds

Proposition 1.11

Differential manifolds are:
o second-countable and Hausdorff by definition,
e paracompact,

o perfectly normal Hausdorff.

1.5 Uniform spaces

Proposition 1.12
Uniformisable spaces are:

o completely reqular.

Proposition 1.13

For a uniformisable space:

Tychonoff < Hausdorff < Kolmogorov.

Proposition 1.14

Every metric space is completely uniformisable.
Every topological group is a uniformisable space.
Every regular paracompact space (in particular, every Hausdorff paracompact space) is

completely uniformisable.

2 Basic definitions of abstract topological rewriting theory

2.1 Classical abstract rewriting theory

Definition 2.1 : Abstract rewriting system

A (classical) abstract rewriting system consists of the data of an ordered pair (X, — )

where X is a set and — is a binary relation on X.

Notations for an abstract rewriting system (X, — ):

o L =AX = {(z,x) € X?}: the identity relation on X.

e = Lo = {(x,y) € X? ‘ JzeX, x5 z— y}: the (i 4+ 1)-fold composition for
1€ N.

o 5 =2, 5 the transitive closure of —» .

o 5 = 5 U Y. the reflexive transitive closure of —» .

o = = — U -5 the reflexive closure of —» .

B {(y,z) € X2 ’ @ — y}: the inverse relation of — .



-1
+— = —>: the inverse relation of — .
e <> := — U <—: the symmetric closure of — .
+ . .
s := (<= )7": the transitive symmetric closure of — .

e & := (<>)": the reflexive transitive symmetric closure of —, 4.e. the equivalence

relation generated by — .

Definition 2.2 : Confluence definitions

Let X := (X, — ) be an abstract rewriting system.

1. X is Church-Rosser if <5 = o <.

. . * * * *
2. X is confluent if «+— o = C = o <.
3. X is semi-confluent if +— o = C =5 o & .
4. X is locally confluent if +— o — C 5 o ¢~
5. X is subcommutative if +— o — C = o & .
6. X has the diamond property if <— o — —

- o <.

Proposition 2.3

For any abstract rewriting system X := (X, — ) (write X* := (X, = )), the following are

equivalent:
(i) X is confluent.
(ii) X is semi-confluent.
(iii) X is Church-Rosser.
(iv) X* is locally confluent.
(v) X* is subcommutative.

(vi) X* has the diamond property.

Definition 2.4 : Normalisation

Let X := (X, — ) be an abstract rewriting system.

1. n € X is a normal form if {y € X |n — y} = @. Denote by NF (X) the set of

normal forms of X.

2. X is normalising if, for all z € X there exists a normal form n € NF (X) such that

*
Tr —r n.

3. X is terminating if for every x € X, the reduction sequences starting from x are
finite.

4. X has the normal form property if, for all + € X and n € NF(X),
< = x-S

5. X has the unique normal form property if, for all ng,n; € NF(X),
7’L0<l>’/l1 = Ng =MNj.




Theorem 2.5 : (Newman’s lemma)

Let X := (X, — ) be an abstract rewriting system.

If X is terminating and locally confluent, then it is confluent.

Theorem 2.6

Let X := (X, — ) be an abstract rewriting system.

Then we have the following properties:
1. If X is confluent, then it has the unique normal form property.
2. The normal form property and the unique normal form property are equivalent in X.
3. If X is normalising and has the unique normal form property, then it is Church-Rosser.

4. If X is subcommutative, then it is confluent.

2.2 Abstract topological rewriting theory

Definition 2.7 : Abstract topological rewriting system

An (abstract) topological rewriting system X consists of the data of a triple (X, 7, — )

where (X, 7) is a topological space and — is a binary relation on X.

For a topological rewriting system X := (X, 7, — ), we write NF (X) for the set of normal forms

for the classical rewriting system (X, — ).

Definition 2.8 : Topological rewriting relation

Let X := (X, 7, — ) be a topological rewriting system.

The closure of — in the product space X? endowed with the topology 735, x 7 is called
the topological rewriting relation of X and is denoted —©.

We define the limit rewriting relation as: = O \ =

Write —® (resp. @) the transitive closure of (resp. the equivalence relation generated

by) —©.

Proposition 2.9

| r

Let X := (X,7, — ) be a topological rewriting system.
Then, for all a,b € X, we have a —©b if, and only if, for every neighbourhood U of b for the

topology T, there exists ¢ € U such that a = c.

Proposition 2.10

Let X := (X, 7, — ) be a topological rewriting system.
Then, for all a,b € X if, and only if, there exists a sequence (c, ),y in X such that ¢y = a,

a = ¢, for all n € N and lim,,_,o0 ¢, = b.

Corollary 2.11

For all a,b € X, if a = b then a —-©b, i.e. - C —© as relations on X.

This is because b is contained in any of its neighbourhoods.



Definition 2.12 : Discrete rewriting

Let X := (X, 7, — ) be a topological rewriting system.
The system X has discrete rewriting if for all a,b € X, having a —®b implies a = b.

This is equivalent to asserting any of the following statements:
e —© = X as relations on X,
o X is topologically closed in X? for the product topology ijs X T,

e — =,

lim

Proposition 2.13

Let X := (X, 7, — ) be a topological rewriting system.

If 7 = 75, is the discrete topology on X, then the system X has discrete rewriting.

The converse implication is not verified as shown in the following example:

Example 2.14 : (Discrete rewriting without discrete topology)

Consider the Sierpiniski space X := {0, 1} equipped with the topology 7 = {@, {1}, X }.

Consider now the relation on X given by 1 — 0. Then = = {(0,0), (1,0),(1,1)}. Hence,
the system has discrete rewriting if and only if (0,1) is not adherent to — for the product
topology 745, x 7. But since {1} is open in (X, 7), the set {0} x {1} is a neighbourhood of
(0,1) for the topology T(‘ffs x 7 and it does not intersect - , hence — is closed for Ta)fs X T

and, therefore, the system has discrete rewriting.

Definition 2.15 : Branching closure

Let A, B,C, D be sets.

Let - QAXB,T QAXC’,? QBXD,T C C x D be binary relations.

We say that the branching of - and - closes with respect to - and -

if for all @ € A, b € B and ¢ € C such that b 4 @ —> ¢, there exists d € D such that

b - d<c
In diagrams:

a
N
b c

Consider the case where B =C. When — = — =1 — (resp. &5 = —p =1 —) we

talk about branching closure of — with respect to = and - (resp. branching

closure of — and —» with respect to —).

Lemma 2.16

Let A,B,C,D be sets. Let - P §A><B,7>,-«2~> CAxC, =, ~ B x

D, -, -p € C x D be binary relations.

N

Assume that:

T ET




S
-

3=

T E

Then, if the branching of - and - closes with respect to - and - it follows that

the branching of 5 and 5 closes with respect to 5 and -

Lemma 2.17

Let X and D be sets. Let <+ be an equivalence relation on X and = 7 binary

relations from X to D. Let Y be a subset of X and write «> the corestriction of <> to Y.

Then, the branching of <+ and «% closes with respect to - and —» if, and only if, for

all z € X and y € Y such that = < y, there exists d € D with z < d TV

Corollary 2.18

Let X and D be sets. Let — be a binary relation from X to D.
Then, for all z € X there exists d € D such that z — d if, and only if, the branching of =
(equality on X) closes with respect to — .

Definition 2.19 : Local, finitary and infinitary confluences

Let X := (X, 7, — ) be a topological rewriting system. Let -~ be a binary relation on X.
We say that the system X is locally confluent with respect to —~ if the branching
of — closes with respect to —~ .
We say that the system X is finitary confluent with respect to -~ if the branching
of %5 closes with respect to —~ .
We say that the system X is infinitary confluent with respect to - if the branching
of —©® closes with respect to —~ .

Since for all topological rewriting systems we have — C - C —@, then, by Lemma 2.16, if

-~ is a binary relation on X:
o finitary confluence with respect to —~+ implies local confluence with respect to -+,

e infinitary confluence w.r.t —~+ implies finitary confluence w.r.t —~ .

Definition 2.20 : Topological Church-Rosser

Let X := (X, 7, — ) be a topological rewriting system and —~+ be a binary relation on X
such that — C —~» C . Denote % and <> the reflexive transitive closure of —~
and the equivalence relation generated by -+ respectively.

We say that the system X has the Church-Rosser property with respect to —~ if the
branching of «% closes with respect to - . That is to say, for every a,b € X such that
a < b, there exists ¢ € X such that a < ¢ <~ b.

We say that the system X has the topological Church-Rosser property if is has the
Church-Rosser property with respect to —&.

This is equivalent to asserting that, for all a,b € X such that a @>©b, there exists c € X
such that a & c& b.




In terms of diagrams:

* \_@c@/ *

This is the classical Church-Rosser property of the classical rewriting system (X, —©).

\

Remark 2.21

Let X := (X,7, — ) be a topological rewriting system and - be a binary relation on X

such that — C ~» C 2®. Let o7 be arelation on X such that — C ~ C ~.

Assume that < C éﬁg (i.e. -~ and ~ generate the same equivalence relation). Then,

if the system X verifies the Church-Rosser property with respect to e then it also has
the Church-Rosser property with respect to -~ .

Definition 2.22 : Infinitary confluence

Let X := (X, 7, — ) be a topological rewriting system.

We say that the system X is infinitary confluent if the system is infinitary confluent with
respect to —&. That is to say, for any a,b,c € X such that b®&— a —© ¢, there exists d € X
that satisfies b —©d&— c.

In terms of diagrams:

This is exactly the diamond property of the classical rewriting system (X, —©).

It follows that infinitary confluence implies the topological Church-Rosser property from any
system (since in classical rewriting theory, it is can be shown by induction that the diamond
property implies confluence which is equivalent to the classical Church-Rosser property).

Moreover, if —© is transitive, then the diamond property of (X, —©) is equivalent to its
confluence. Hence, under the assumption that —© is transitive, infinitary confluence and the

topological Church-Rosser property are equivalent.

Definition 2.23 : Topological confluence

Let X := (X, 7, — ) be a topological rewriting system.

We say that the system X is topologically confluent if the system is finitary confluent
with respect to —®, that is to say: for any a,b,c € X such that b <~ a = ¢ there exists
d € X that satisfies b —-©d&— c.

In terms of diagrams:

10



We obtain the following strength implications (recall that classical confluence is nothing other

than finitary confluence with respect to — ):

Proposition 2.24

Let X := (X,7, — ) be a topological rewriting system.
If the system X is:

o classically confluent, or,
e infinitary confluent,

then it is also topologically confluent.

The converse implications are false in general, we will give counter-examples later.

If the system X has discrete rewriting, it is trivial to see that the notions of classical

confluence, topological confluence and infinitary confluence are equivalent.

Proposition 2.26

Let X := (X, 7, — ) be a topological rewriting system. Let -~ be a binary relation on X.

 Suppose (X, 7) is Fréchet and ~» C . Then, for any normal form n € NF (X),
we have that, for all a € X, if n ~ a then n = a. It follows that if ~» is reflexive,
then —» restricted to NF (X) is exactly the equality on NF (X).

e Suppose — is anti-reflexive and — C -~ . Then, if ¢ € X is such that for all
b € X with a ~» b implies a = b, then a € NF (X).

\.

Proof. Assume (X, 7) is Fréchet. Let n € NF (X) i.e. {a € X |n — a} =&. Let a € X such that
n —©a. Then, for all neighbourhood U of a there exists b € U such that n — b. But, since n is a
normal form, n = b. Hence, n € (yepr(,) U- But that latter set is equal to {a} because the space
is Fréchet. Then, n = a. Now since —- is by assumption a subrelation of =, if n ~+ a then we
have n 29 a and hence n = a by applying inductively the previous discussion.

Assume now — anti-reflexive. Let a € X such that for all b € X with a ~ b implies a = b.
Assume there exists b € X such that a — b. On one hand, since — is by assumption a subrelation
of -+, this implies a ~» b and hence a = b by assumption. On the other hand, by anti-reflexivity
of — , this also implies a # b, a contradiction. Hence {b € X | a — b} = &, that is to say,
a € NF (X). O

Definition 2.27 : Topological normal forms properties

Let X := (X, 7, — ) be a topological rewriting system. Let —~+ be a binary relation on X
such that — C -~ C 2. Denote %> and «> the reflexive transitive closure of -~

and the equivalence relation generated by —~~ respectively.

o The system X has the property of the normal form (NF) with respect to -
if the branching of «% (corestricted to NF (X)) closes with respect to <% and =
(equality on NF (X)), that is to say:

Vae X, YneNF(X), a<»n = a->n.

11



o The system X has the topological property of the normal form (TNF) if it has
the property of the normal form with respect to —©, i.e. :

Va€ X, YneNF(X), a®~©n = a-9n.

o The system X has the property of the unique normal form (UN) with respect
to - if the branching of «% (restricted and corestricted to NF (X)) closes with
respect to = (equality on NF (X)), that is to say:

Vn,n’ € NF(X), n<sn’ = n=n"

o The system X has the topological property of the unique normal form (TUN)
if the property of the unique normal form with respect to —, i.e. :

Vn,n’ € NF(X), ne=on = n=n

Remark 2.28

Let X := (X, 7, — ) be a topological rewriting system and —~+ be a binary relation on X
such that — C —~» C 2. Let P be a relation on X such that — C o3 C —~.
By Lemma 2.16, if the system X is UN with respect to - , then it is also UN with respect
to ~>. In particular, if the system is TUN, then it is also UN with respect to -~ .

Now, assume that <+ C - (i.e. —~» and i generate the same equivalence relation)

sub
then:

o the system is UN with respect to -+ if and only if it is UN with respect to ot

o if the system is NF with respect to 2 then it is also NF with respect to -~ .

Proposition 2.29

Let X := (X, 7, — ) be a topological rewriting system and —~ be a binary relation on X
such that — C ~ C 5.

Assume that the space (X, 7) is Fréchet.

Then, if the system X is NF with respect to - , it is also UN with respect to -~ .

\.

Proof. If we denote <~§-> the corestriction of «% to NF (X) and «g» the restriction of <~§-> to

NF (X), it is clear that %» is a subrelation of <\§-> .

Now, because by hypothesis the space is Fréchet, we obtain by Proposition 2.26 that -* restricted
to NF (X) is actually the equality on NF (X).
We conclude therefore by Lemma 2.16 that if the system is NF with respect to -~ it is also UN

with respect to that same relation. O

Proposition 2.30

Let X := (X, 7, — ) be a topological rewriting system and —~+ be a binary relation on X
such that — C -~ C 2.

Assume that the space (X, 7) is Fréchet.

Then, if the system X verifies the Church-Rosser property with respect to -~ , it is NF

with respect to —~ .




Proof. If we denote <> the corestriction of «% to NF (X), it is clear that «> is a subrelation of

<5 . Morever, because by hypothesis the space is Fréchet, we deduce from Proposition 2.26 that
=25 restricted to NF (X) is exactly the equality on NF (X). Therefore, NF with respect to —~ is a
branching closure property weaker than the Church-Rosser property with respect to -+ according
to Lemma 2.16. O

Corollary 2.31

Let X := (X, 7, — ) be a topological rewriting system.
Assume the space (X, 7) is Fréchet. Then:

infinitary conf = topo. C-R = TNF = TUN.

Corollary 2.32

Let X := (X, 7, — ) be a topological rewriting system and -~ be a binary relation on X
such that — C —~» C . Let s be a relation on X such that — C o C
Assume the space (X, 7) is Fréchet and that ~» and o generate the same equivalence

relation (i.e. we have <% C % ). Then:
sub

C-R w.r.t = (C—R wrt ~~ A NF wrt ;;-)b)
(C—R wrt ~ V. NF wr.t ;ﬁ;) = NF w.aot -~
NF wrt ~ = UNwrt ~—

UN w.rt ~» < UNwrt ~»
sub

Example 2.33 : (Counter-example “topological confluence = infinitary confluence”)

Consider the set (w+ 1) := NU {oco}. This is the successor ordinal to w, the first infinite
ordinal. It can be equipped with the order topology. Concretely, this means that for every
n € N, {n} is open but a fundamental system of neighbourhoods of oo in that topological
space is given by the family of intervals [a..o0] := {n € N| a < n} where a lives in N. It
follows that the space is Hausdorff (hence, Fréchet a fortiori).
Consider the set X := (NU {oo}) x (NU {o0}) equipped with the product topology 7 of the
order topology on each factor. The space X is thus also Hausdorff.
Now, construct the topological rewriting system on (X, 7) by defining the following relation
on X:

(n,m) — (n+1,m) (n,m) — (n,m+1) Vn,m € N.

Hence, it follows that (n1,m1) = (n2,mz) if and only if nq,n2, my,me € N and ny < no
and my < my. Therefore, the system is confluent. Indeed, for all n,m,ny, my,ne, mo € N
such that:

(nl,ml) (n27m2)

13



we have:

(max {ny,na},max {my,ma})

Hence, by confluence, it follows that the system is topologically confluent.

However, we have:

(1,0) — (2,0) —— -+ —& (00, 0)

(0,0)

/
\
(0,1) —— (0,2) —— -+ — (0,00)

And (0,00) and (00, 0) are distinct normal forms in the system. Hence, since the space is
Fréchet, the system cannot be infinitary confluent, since that would imply the topological

property of unique normal form.

Proposition 2.34

Let X := (X, 7, — ) be a topological rewriting system and —~ be a binary relation on X
such that — C -~ C -®. Let S be a relation on X such that — C o~ C —~>.

Assume that ~» and o generate the same equivalence relation (i.e. we have <+ C éﬁﬁ ).

Then the Church-Rosser property with respect to 3 implies that the branching of

closes with respect to 55?3 .

\.

Proof. Assume that the system verifies the Church-Rosser property with respect to e Let

a,b,c € X such that b <~ a <+ c¢. Then, b < c. But since by hypothesis ~+ and - generate

the same relation, we get b g«l*;g ¢ and therefore, by Church-Rosser assumption, there exists d € X

such that b -5 d <~ ¢. Thus the conclusion. O
sub sub

Corollary 2.35

With the same hypotheses and notations, the Church-Rosser property with respect to 3

implies that the system is finitary confluent with respect to -*» and, therefore, also with
sub

respect to 5

Definition 2.36 : Topologically normalising

Let X := (X, 7, — ) be a topological rewriting system and —~+ be a binary relation on X
such that = C —~» C B.

We say that the system X is normalising with respect to -~ if the branching of the
equality on X closes with respect to —~+ corestricted to normal forms, that is to say, if:

Vae X, IneNF(X), a-»n.

We say that the system X is topologically normalising (TN) if it is normalising with
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respect to %, that is to say:
Vae X, IneNF(X), a-Bn.

Lemma 2.37

Let X := (X, 7, — ) be a topological rewriting system and —~+ be a binary relation on X
such that — C -~ C 5.
Suppose that the space (X, 1) is Fréchet and that the system X is normalising with respect

to =% .

Then being UN with respect to ~+ is equivalent to the following statement:

Vae X, VYn,n' eNF(X), n-a-5n = n=n

\

Proof. The left-to-right direction is trivial and does not require any of the hypotheses. Now for the
other direction:
Let n,n’ € NF (X) such that n < n/. Decompose it with elements (a1, --,as) € X* such that:

N G o> Qg & -0 o> ap e 1)

Now, since the space is Fréchet by hypothesis, we get that either a1 = n (resp. a; = n') or
n +~ ay (resp. ag ~> n') by Proposition 2.26. Assume thus, by contradiction that n # n’ and
therefore a; # n and ay # n’. Now, call a “valley” in the sequence aj ¢+ ag ¢+ --- ¢+ ay an index
i € [2..£ — 1] such that a;—1 ~+ a; ¢~ a;41. Show by induction on the number v of valleys in the
sequence that n = n'.

Base step: if there are no valleys, then the sequence is of the form:
N4 QL 4 g 4 e e Gy =~ Ay~ o~ ag ~> 1

Therefore, it suffices to use the assumption to conclude that n = n’ because we have n <~ a; =+ n’.
Induction step: let v € N. Assume that, if there are up to v valleys between n and n’ then n = n/'.
Consider there are v + 1 valleys and let ¢ € [2..£ — 1] be any of the valleys, say the right-most for

simplicity, i7.e. we have:
Aj—1 =7 Qf & Qjp] 7 Qjpo & - Magw->n’.
Since this is by construction the right-most valley, there exists j € [i + 2.. ¢] such that:
Aj—1 =7 A & Q] 7 Qg2 £ 00 A ™ Qg =7 -'W)ag-'\/“)n/.

Since the system X is normalising with respect to > there exists n” € NF (X) such that a; % n".
Hence, note how we obtain:

* * *
A;—1 —~ n' <& a; ~> n.

But by assumption we conclude that n’ = n”. Hence, the following sequence obtains by considering

everything that is left to a;_1:
N4 Q&3 Ay &3 - > a1 =1

contains v valleys and therefore, by induction hypothesis, we conclude that n = n'. O
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The hypothesis that the system is normalising is required as shown by the following counter-

example:

Example 2.38

Consider X :={n,a,c,b,n'} a set of 5 distinct elements equipped with the discrete topology
and the relation:
n<—a—c<b—n and c—c.

This gives a topological rewriting system X.

It is clear that NF (X) = {n,n’}. Note how ¢ never rewrites into n nor n’: the system is not
normalising with respect to - .

But since n <% n/ and n # n’, then the system is not UN with respect to — .

However, if we denote, for € X, NF (z) := {a € NF (X) ) T = a}, then we have:

NF (n) = {n}, NF(a)={n}, NF(c)=@, NF()={n"}, NF(n)={n'}.
Hence, for all x € X and «, 8 € NF (X) such that o <~ 2 = 3, we do indeed have o = 3.

Proposition 2.39

Let X := (X,7, — ) be a topological rewriting system and -~ be a binary relation on X
such that — C ~ C .

Then, the system X is UN with respect to —~+ and normalising with respect to - if, and

only if, it satisfies:
Vae X, ImeNF(X), a-n.

\.

Proof. The left-to-right direction is immediate. The other direction is obtained with Lemma 2.37. [

Proposition 2.40

Let X := (X, 7, — ) be a topological rewriting system and —~ be a binary relation on X
such that — C ~ C -B.

If the system X is UN with respect to ~+ and normalising with respect to - , then it
verifies the Church-Rosser property with respect to —~ .

Proof. Let a,b € X such that a <+ b. By the hypothesis of normalisation, there exists nq,n, €
NF (X) such that @ <+ n, and b % n;. Thus, we get n, <> ny. But since by hypothesis the system
is UN with respect to —» , then n, = n;. Hence, in summary:

O

Corollary 2.41

Let X := (X, 7, — ) be a topological rewriting system and —~+ be a binary relation on X
such that — C —~» C 2. Let o3 be a relation on X such that — C o C —~.

Assume that ~» and o generate the same equivalence relation (i.e. we have <+ C gﬁg ).

If we have:

16



(i) (X,7) is Fréchet,
(ii) the system X is normalising with respect to - |

then we have:

C-Rwrt ~ < NFwrt ~ & UNwrt ~ < UNwrt ot

In particular, if the system is normalising with respect to ;ﬁg in addition, then all properties

(C-R, NF and UN) with respect to either ~+ or -~ are equivalent.

| V

Corollary 2.42

Let X := (X, 7, — ) be a topological rewriting system.

If we have:
(i) (X, 7) is Fréchet,
(ii) the system X is topologically normalising (TN),

then we have:
topo. C-R < TNF < TUN

Furthermore, if the relation —@ is transitive, then we have: infinitary conf. < topo. C-R.

2.3 Rewriting on uniform spaces

Definition 2.43 : Filter

Let X be a set.
A filter on X is a collection F C P(X) of subsets of X such that it satisfies the following

axioms:
(F-I) Closure under supersets: VA C X, (IBeF,BCA) = Aec T,
(F-II) Closure under finite intersections: VA, B € ¥, ANBeF and X eg,

(F-III) Does not contain the empty set: @ ¢ F.

.

For instance, if A is a non-empty subset of a topological space X, then the set of all neighbourhoods

of A is a filter on X.
Uniform spaces are a generalisation of both metric spaces and topological groups.

Definition 2.44 : Uniform structure

Let X be a set.
A uniform structure on X is a collection U C P(X x X) of binary relations on X (called

entourages) such that U is a filter on X x X that satisfies the following axioms:
(U-I) Every entourage is reflexive: VV € U, Vz e X, zVu,

(U-II) The inverse of an entourage is an entourage: VV € U, V~!eU
where V=1 is the relation such that zV ~1y if and only if yVz.

(U-IIT) There always exists a “half-size” entourage: VV e U, W eU, WoW CV




where we have (W o W)z if and only if, there exists y € X with 2Wy and yW z.

Definition 2.45 : Uniform space

Let (X, 7) be a topological space.
A uniform structure U on X is said to be compatible with the topology 7 if:

YUCX, Uopenin (X,7) & (VxeU, IVel V(r)CU),

where V(z) :={y € X | zVy}.
If such a structure exists, we say that the topological space (X, 7) is uniformisable.
The data of (X, 7,U) where (X, 7) is a uniformisable space and U is a uniform structure on

X compatible with the topology 7 is called a uniform space.

Example 2.46 : (Metric spaces are uniformisable)

Let (X, d) be a metric space. Write 74 the topology on X induced by the metric d.

Consider the family U := (V) of binary relations on X defined as, for r € R+:

reR~o

Ve,ye X, xV,.y &f d(z,y) <.

Then, U is a uniform structure on X that is compatible with the topology 74.

Example 2.47 : (Topological groups are uniformisable)

| r

Let (G, ) be a topological group written multiplicatively. Write 1 € G the identity element.
Consider the set U of binary relations X defined as:

Wwcaxa veu® wen), {(zyecGxG|z-yleU}CV

Then, U is a uniform structrue on G that is compatible with the topology 7.

| r

Definition 2.48 : Attractive Normal Forms (ANF)

Let X := (X, 7, — ) be a topological rewriting system and - be a binary relation on X
such that — C ~ C .
The system X has globally attractive normal forms (GANF) with respect to —~»

if there exists a uniform structure U on X compatible with the topology 7 such that:
VYn € NF(X), Va,beX, VYWelU aVn A a-~b = bVn.

The system X has locally attractive normal forms (LANF) with respect to —~» if

there exists a uniform structure U on X compatible with the topology 7 such that:

Yn e NF(X), IV, elU, VaeV,(n), VbeX, VVel

aVn N a-~»b = bVn

It is quite straightforward to see that GANF with respect to relation implies LANF with respect

to that same relation.



Remark 2.49

If ~ is a relation such that — C ~> C -+ and if the system is GANF (resp. LANF)
with respect to —~+ , then it is also GANF (resp. LANF) with respect to o~
Also, by simple inductive reasoning, we see that a system is GANF (resp. LANF) with
respect to a relation —~» if, and only if, it is GANF (resp. LANF) with respect to the

reflexive transitive closure -+ .

Proposition 2.50

| '

Let X := (X, chfs, —> ) be a topological rewriting system where Ta)fs is the discrete topology.
Then, the system X has LANF with respect to — .

| r

Theorem 2.51
Let X := (X, 7, — ) be a topological rewriting system and —~+ be a binary relation on X

such that — C —~» C 2. Let Pt be a relation on X such that — C o C —~.

Assume that ~» and o3 generate the same equivalence relation (i.e. we have < C ;«Eﬁ ).

If the following is verified for X:
(i) (X,7) is Hausdorff,

(if) the system X is normalising with respect to =,

(iii) the relation —© is transitive (i.e. -® C —©),
(iv) the system X has locally attractive normal forms (LANF) with respect to —~ ,

then, we have the following equivalent properties for X:

finitary confluence w.r.t =% < Church-Rosser property w.r.t o

Proof. The right-to-left direction has been shown in Corollary 2.35.

Now, for the converse direction, according to Corollary 2.41, it suffices to show that finitary
confluence w.r.t < implies UN with respect to ~» under the assumptions (i) — (iv) (because
Hausdorff implies Fréchet). Write U the uniform structure on X compatible with the topology 7
that is implied by the assumption of LANF with respect to — .

Assume the system X is finitary confluent with respect to < . Show that hypotheses (i) — (iv)
imply UN with respect to -~ . In order to prove this, use Lemma 2.37 since by hypothesis (i) the

space is Fréchet and by hypothesis (ii) the system is normalising with respect to ;:vg and thus with

respect to >+ as well.

Let a € X and n,n’ € NF (X) such that n <~ a % n/ and show that n = n/. By LANF with
respect to -~ there exist V,, and V- in U such that for all V € U and for all b, ¢ € X such that
nVpb (resp. n'Vyb), bVn (resp. bVn') and b ~ ¢, we have cVn (resp. cVn').

Let U and U’ be neighbourhoods of n and n’ respectively. By compatibility with the topology,
there exists V and V' in U such that V(n) C U and V'(n') € U’. Now, denote W :=V,, NV and
W’ .=V, NV’. Note how W(n) and W'(n’) are neighbourhoods of n and n’ respectively that
verify W(n) CU and W'(n') CU'".

Now, since ~» C —© and —© is transitive by hypothesis (iii), we get n@— a —©n'. It follows

that there exists (b,0') € W(n) x W/(n') such that b <~ a = '. By assumption, there exists
¢ € X such that b= c <~ V. But, since bWn and ¥W'n’ by construction, then we get, by
hypothesis (iv), cWn and ¢W'n’. That is to say, we have ¢ € W(n) N W/(n’). But recall that
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W(n)NW'(n’) CUNU’. In other words, we proved that, for any U and U’ neighbourhoods of n
and n’ respectively, U N U’ # @. Hence, by the Hausdorfl property, it follows that n = n’. O

According to Corollary 2.35 and Corollary 2.41, we obtain the following equivalences between

notions:

Corollary 2.52

With the same hypotheses (i) — (iv) and notations, then all the following statements are

equivalent in the system X:

o finitary confluence with respect to %+ (or ;ﬁg ),

o Church-Rosser property with respect to ~+ (or o3 ),

o normal form (NF) property with respect to ~» (or —r ),

o unique normal form (UN) property with respect to ~» (or 3 ).

In particular, if we take —~» and s both as equal to —©, then we obtain the following corollary:

Corollary 2.53

Let X := (X, 7, — ) be a topological rewriting system.
If the following is verified for X:

(i) (X,7) is Hausdorff,
(ii) the system X is topologically normalising (TN),
(iii) the relation —© is transitive (i.e. -® C —©),
(iv) the system X has locally attractive normal forms (LANF) with respect to —©,

then, we have the following equivalent properties for X:

topological confluence < topological Church-Rosser property < infinitary confluence.

2.4 Limit rewriting induces rewriting chains

Definition 2.54 : Topological rewriting with chains

Let X := (X, 7, — ) be a topological rewriting system.
We define the topological rewriting with chains relation, denoted by »©, as, for
a,be X:

co = a,

def _
ar©b S I(cn),en € X1, Cn — Cnt1 Vn €N,

lim,, o ¢, = b.

Write @4-© the equivalence relation generated by »©.

By Proposition 2.10, it is easy to see that »©® C —©. It follows that @50 C @*© by
properties of generated equivalence relations. It also entails that the converse of that latter inclusion
is verified if and only if - C @35-©.
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However, consider the following example that shows that the converses inclusions are not true in

general:

Example 2.55

Consider X := [0;1] endowed with the euclidean topology 7. Consider the topological
rewriting system X := (X, 7, — ) where — is the relation:

1
1— — Vn > 1.
on

1
2ne

Then we have 1 =0 because for any € > 0, there exists n. > 1, such that £ > and we

conclude since we have 1 — 2%5
However, we do not have 1 &0 because every 2% for n > 1 is a normal form.
Moreover, we have ®@4® = { (5, 5=) |n,m €N} and hence (1,0) ¢ ©%© thus

=0 ¢ &390.

This motivates the following definition:

Definition 2.56 : Chains exist

Let X := (X, 7, — ) be a topological rewriting system.

We say that chains exist in the system X if:

Va,be X, a-—-0b = a>0b.

Consider the following notion:

Definition 2.57 : Rewriting stability

Let X := (X, 7, — ) be a topological rewriting system and —~+ be a binary relation on X
such that — C ~ C —©.

We say that the relation ~+ has rewriting stability if:

Va,be X, a-»b = YUEN (), IccU a->>c—b.

Example 2.58

The topological rewriting with chains relation has rewriting stability. Indeed, let a,b € X

and U be a neighbourhood of b. By definition, if a =& b there exists a sequence (c,,),,cy such
that ¢o = a, ¢, = ¢paq for all n € N and lim,,_, o, ¢,, = b. By that latter limit condition,
we deduce that there exists N € N such that for all n € N, we have ¢, € U. But by
the rest of the conditions, it follows, on one hand, that a = ¢y — ¢; —> co — -+ — cn,
hence, a =+ cy and, on the other hand, cy ~©b since the sequence (EN4n)nen satisfies the
definition.

. J

In fact, when the underlying topological space is first-countable, any other relation that has
rewriting stability is a subrelation of > . In particular, that latter relation is the biggest relation

that has rewriting stability, as shown in the following proposition:

Proposition 2.59

Let X := (X, 7, — ) be a topological rewriting system and —~+ be a binary relation on X
such that — C ~ C —©.
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Assume that the space (X, 7) is first-countable.
Then, the relation —+ has rewriting stability if, and only if, ~ C »&.

Proof. As shown in the previous example, the relation »© has rewriting stability. Therefore, it is
clear that any subrelation has that property as well, which gives us the right-to-left direction.

For the left-to-right direction, consider a relation -~ that has rewriting stability.

Let a,b € X such that a ~ b. Since, by hypothesis, (X, 7) is first-countable there exists (BZ)neN
a countable neighbourhood basis of b that is totally ordered for the D relation. Let us now construct
a rewriting chain (cg),cy from a to b to show that indeed a @ b.

Base step is to set co := a. Now, the inductive step consists in assuming that the sequence (cg),cy
has been constructed up to and including the step K € N in such a way that for all k € [0.. K — 1]
we have ¢y — cp41 and cx —~» b. Consider the following set:

Mg :={neN|cx ¢B}.

If Mk is empty, this means that cx € ) BZ. Therefore, we can set ¢ := cx for all k > K

neN
and we get the desired result.

Otherwise, Mk is a non-empty set of natural numbers. Therefore, it must admit a minimum;
let us write it IV := min M. Then, since cx ~+ b by induction hypothesis, we deduce using the
assumption that we have rewriting stability that there exists ¢ € B?V such that cx = ¢ ~ b with
ck # ¢ (by defintion of N). If £ > 1 is the length of the chain betweeen cx and ¢ (i.e. we
have cx = dy — dy — -+ — dy = c¢), then define the ¢ next terms of the (cx),cy sequence by
ci+i =d; for all i € [1..£]. Tt is clear that induction hypothesis is verified for the step K + ¢. Thus
we can continue.

Repeating this process ad infinitum yields a sequence (cy),cy that is:

o either stationary in a point that is not separated (in the topological sense) from b; hence the

sequence converges to b,

e or not stationary but it still converges to b because the ck’s are chosen to be always in a
neighbourhood BY; that is strictly contained in the neighbourhood of the previous cx. But
since (BY)
to b.

nen 18 a neighbourhood basis of b, it follows that the sequence (k) pen converges

The constructed sequence (cy),cy is thus such that co = a, cx — cxq1 for all & € N and

limg_yoo e = b, 7. a>~Ob. O

Corollary 2.60

Let X := (X,7, — ) be a topological rewriting system.
Assume that (X, 1) is first-countable.
Then, chains exists in X if, and only if, —® has rewriting stability.

Proof. The left-to-right direction does not require the first-countability hypothesis because it implies
that —© is equal to »© which always has rewriting stability.
The other direction is direct consequence of the previous proposition. O

We can see how we utilise the fact that the repetition of the induction step yields a well-defined
rewriting chain because, at each step, we get closer with respect to the neighbourhood basis. Let us
introduce the notion of “proximity maps” in first-countable spaces to explicit a characterisation of

rewriting stability that does not depend on explicitly checking all neighbourhood of the limit point.
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Definition 2.61 : Proximity map

Let (X, 7) be a first-countable topological space.
We say that we define proximity maps on X when we fix for each € X, a countable
neighbourhood basis (B;;),, oy of « that is totally ordered for © and define the proximity

map for z with respect to the choosen basis (B}), oy as:

P, : X — NU{oo}
00 if y € Npen Bis
min{n € N |y ¢ B2} otherwise.

Theorem 2.62

Let X := (X, 7, — ) be a topological rewriting system and —~+ be a binary relation on X
such that — C ~—~ C —©.
Assume that (X, 7) is first-countable and define proximity maps P, for = € X.

Y Hpm(y) =

Then, ~+ has rewriting stability if and only if for all a,b € X such that a ~+ b, there exists
c € X that satisfy the following conditions:

(i) a = c—~ b,

(ii) Pb(c) > Pb(a).

2.5 Topological Newman’s lemma

Todo

3 Rewriting on commutative formal power series in several

variables

3.1 Construction of commutative formal power series in several variables

Todo: Cauchy completion on the multivariate polynomials in commuting variables {z1,---, .}
with respect to the metric inducing the (1, -+, z,,)-adic topology. Zariski ring (i.e. ideals are
topologically closed for the adic topology).

Write K[[x1, - - -, z,,]] the topological algebra of commutative formal power series in n variables

with respect to the topology 75 induced by the metric §:

1
Vi g € Kllwr, - 2all, 6(f,9) = Sy

where val(h) is the least degree of monomials appearing in the support of a non-zero formal power

series h. We set by convention val(0) = oo and 5= = 0.

3.2 Reduction on commutative formal power series

Write [z1, - - -, 2] the commutative monoid generated by {z1,- -, 2, } written multiplicatively and
with identity element 1. We call monomials the elements of [z1, -, z,].
For a formal power series f € K[[z1, -, 2,]] and a monomial m € [z1, - -, x,], we write (f|m) € K

the coefficient of m in f.



A monomial order is a total order < on [z, -, x,] such that it is compatible with monomial

multiplication:
Ym,mi,mg € [X1, -, xp], M1 <mg = m-mg <m-ma.

The opposite order <°P of a monomial order < is a monomial order.
A monomial order is said to be compatible with the degree if the degree function on [z, - - -, ;]
is increasing:

Ymi,mg € [x1, -+, Tp], m1 <mo = deg(my) < deg(ma).

We say that a monomial order is admissible if 1 is minimal:
Vm € [x1, - xn) \ {1}, 1<m.

This is equivalent to saying that < is a well-order.

For a monomial order <, we denote by LM, (f) the maximal element for < in the support of any
non-zero formal power series f (provided it exists). If it exists, we write LC< (f) its coefficient in f
and LT. (f) :==LC. (f) LM< (f) as well as r< (f) := LT« (f) — f.

If < is an admissible monomial order and f is an infinite formal power series, then LM, (f) is
not defined; however, LM _op (f) is.

Also, note how if < is an admissible monomial order compatible with the degree, then we have

for any non-zero formal power series f:

val(f) = deg (LM<er (f)) -

Let R be non-empty set of non-zero formal power series in K[[z1, - - -, 2,,]] and let < be an admissible

monomial order.

We define the following relation — on K[[z1, -, z,]], called multivariate series reduction:
A(m-LMcor (s)) +5 #m X Teop (5)+ S
LCcop (8)
where:
« Ac K\ {0},
o mE [x1, -, Ty,
e SER,

o SeK][z1, -, x,]] such that m - LMop (s) is not in its support.

We say that we rewrite the monomial M :=m - LMco» (s) using the rule s in the formal
power series f := A(m - LMcor (s)) + S.

Proposition 3.1

The relation - Is anti-reflexive.

Consider the topological rewriting system Xg := (K[[z1," -+, 2,]], 75, — ).

Denote by:

. % the reflexive transitive closure of —, ( % the generated equivalence relation),

s B the topological rewriting relation associated with Xg, (@%@ the generated equivalence

relation),
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« P the topological rewriting with chains relation associated with Xg, (@—%—@ the generated

equivalence relation),

=) the relation defined as follows:

def

frog < 35:={s1, s} C R, [frPg.
(@—%—@ the generated equivalence relation),
We have: —>§%>§>7@§ >7@§—1@

R

3.3 Deciding the ideal membership problem

If the order < is compatible with the degree, then for any h € K[[z1, -+, z,]] and any s € R,

we have h X s >}§)0.

Proof. Write supp (h) as the sequence (my), strictly increasing (possible because the order is of

type w). If we write u := card(supp (h)), then:

k=0

and thus:

u

hxs:z<h|mk>mk X 8.

k=0
If u < o0, then it clear that h x s ﬁ 0 by rewriting successively the mj with k increasing.
If u = oo, then we define the infinite sequence (74),cy as 7o := h x s and for any k € N:

LCcor (k)

—LC<op (8) mg X 8.

Tk41 =Tk —

Then, we see that h x s:mmrl {Ter{Tf

Since the order is compatible with the degree, it follows that the sequence (1), oy is Cauchy and
therefore has a limit since K[[z1, - - -, 2,]] is complete. Moreover, since my, is strictly increasing and
LM_op (rg) = mg X LMcop (5), we get that:

lim rp = 0.
k—o00

Hence,hxs?{—g)O, i.e. hxs>7§)0. O

Lemma 3.3 : (Translation lemma)

If the order < is compatible with the degree, then for all f, g, h € K[[x1,- -, z,]], if f—g O h
then there exist f/, ¢’ € K[[z1,- -+, 2,]] such that h = ' — ¢/, f @f’ and g >7§)g’.

Proof. Since f—g @h, there exists S := {s1,---,5,} € R and a sequence (hy),cy of formal power

series such that hg = f — g, hy %) hi41 for all k € N and limgeoo b = h.
Let us contruct two new sequences (fx),cy and (gr),en- Set fo := f and go := g.
Let k € N.
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If hy = hga1, then set fry1 := fr and gr11 = gk
(hx|m-LM op (s))

Otherwise, there must exist m € [x1,- -, z,] and s € S such that hyy1 = hy — T LCion(s) XS
['hen, set:
(fe|m - LM cop (5)) {gr|m - LM cop (8))
= 1, — X =gk — X s.
fre1 Jr LC o (5) m X s, Jk+1 = Gk LC oo (5) mXs

Hence, we get fx ? fr+1 and gg ? gr+1- Therefore, the sequences (fi),cy and (gr)gey are
Cauchy by compatibility with the degree. They thus admit limits; write them f’ and ¢’ respectively.
In particular, we have f @f’ and g+, hence: f @f’ and g >j§)g’.

Let us show by induction that for all £ € N, we have hx11 = frx+1 — gr+1- The base step is verified.
Let £ € N such that hy = fx — gx. Then:

(hilm - LM con (s))

hit1 = hp — LCoon (5) mx s
=(fr—gr) — (e — gigﬂi;fé\f)@p C)N
_ <fk|m - LM cop (S)> <gk‘m -LM_op (s)>
) <fk T C R, s) ) (g’“ T (s 5)

het1 = fret1 — Gr+
Therefore, we get:

BT T B T BT gt
h_]]élé?\lhk_llcler%(fk gk) Ilclg\llfk Ilclg\llgk I'—g.

Hence, the desired result. O

A direct consequence of this Translation lemma is the case where h = 0:

Corollary 3.4 : Translation corollary

If the order < is compatible with the degree, then for all f,g € K[[z1, -+, x,]] such that
f =970, there exists h € K[[z1, -, 2,]] such that f-©he&xg.

Denote by =;(g) the congruence relation modulo the ideal in K[[z1,- -, x,]] generated by R.

If the order < is compatible with the degree, then for all f,g € K[[z1, -+, %,]] such that
f =g (mod I(R)), we have f@—é—@g. In other words, we have =;(r)C @—é—@

Proof. Let us show by induction on r that for all f, g € K[[z1, -, x,]], for all {s1,---,s.} C R and
for all (q1,--+,¢r) € K[[z1,- -, 2,]]" such that g — f = >""_, ¢; X s;, we have f@%@g.

Base step: if » = 0, then we always have f = g and there is nothing to prove since @%@ is
reflexive being an equivalence relation.

Induction step: let » € N and assume the induction hypothesis for r. Let f, g € K[[z1, - -, 2,]] and
{s1,-*+ 841} C Rand (q1, -+, ¢r41) € K[[z1, -, 2,]]"T! such that g— f = g1 X Spp1+D 1y Gi X Si-

By Lemma 3.2, we have ¢,11 X Sp41 >}1@O.

Thus, we can apply the Corollary 3.4 of translation on f — f 4+ ¢,41 X s,41 and we deduce there
exists h € K[[z1, - -, x,]] such that:

J 4+ @r1 X Sr41 ﬁh(’%ﬁf f

26



In particular, we have f + gr41 X 841 @—é—@ f.
But, by definition we have:

r
[+ ar+1 X Srq1 ZQ—Z%‘ X Sj.
i=1

It follows, by induction hypothesis applied for f := f 4+ g,11 X sy41 and g := g, that f + ¢41 X

7410509

By transitivity, we finally conclude that f @—%—E\) g.

Now let f,g € K[[z1,-+,2,]]. Assume that f =g (mod I(R)). Hence, g — f € I(R). Hence,
there exist {s1,--+,s,} C R and (¢1, -, ¢r) € K[[#1,- -+, 2,,]]" such that g — f =>"/_, ¢ x ;. And
therefore, by the previous discussion, since r is finite, we have f @—%—E\) g. O

The converse holds as we will see after the following lemma.

For all f,g € K[[z1, -, x,]], if f 29 then f — g € I(R), the ideal generated by R.

Proof. First, if f = g, then there is nothing to prove. Second, if f = 9 then we have:

A

f=A(m -LMcop () + 5, gzm

(m X reop (8)) + 5,

for A e K\ {0}, m € [x1,---,2], s € Rand S € K[[z1, - - -, z,]] such that m - LMcor (s) ¢ supp (.5).

Cancellations ensue in the computation of f — g, and we obtain:

A

F 9= e

m X s.

But s € R C I(R) and I(R) is an ideal, therefore f — g € I(R). Third, if f % g and f # g,
then by induction on the length k£ > 1 of the rewriting sequence f = fo — f1 — -+ — fx =g,
we have f — ¢ € I(R). Finally, if we have f 29 then for every integer k € N, there exists

fx € K[[z1, -+, 2,]] such that f % fr and:

3fi9) < 5

The sequence (fx),cy thus converges to g. From the third case treated in the current proof, for every
k € N, we have f — fi € I(R), so that f — g = limy_, o (f — fx) belongs to the topological closure

I(R) of I(R). Now, since ideals of commutative formal power series are topologically
closed, we have f — g € I(R). O

For all f,g € K[[z1, -, z,]], if f@%@g, then f =g (mod I(R)). In other words, we have:
® 5O C=r(R)-

Proof. Let f,g € K[[x1, -, x,]] such that f@%@g. Decompose that into the sequence:

=700 - &z =9
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By induction on ¢: if £ = 0, then f = g and thus g— f = 0 € I(R). Suppose that f@%@h@?@g
for ¢ € N and h € K[[z1, - - -, xy]] such that h — f € I(R).

Since h@?@g, we have h -2y or h% g. By Lemma 3.6, we get h — g € I(R) or g — h € I(R).
Notice how, since I(R) is an ideal, those two latter conditions are actually equivalent. Assume one
of them to be true, say g — h € I(R).

Since I(R) is an ideal and by induction hypothesis, we obtain I(R) > (9 —h)+ (h— f) =g — f,
hence f =g (mod I(R)). O

Corollary 3.8

If the order < is compatible with the degree, then the equivalence relations @, ©5-©

and @—%—@ generated by -, P and = respectively are actually the same relation:
they are all equal to the congruence relation =gy modulo the ideal generated by R.

Proof. By Theorem 3.5, Theorem 3.7 and the trivial inclusions of the relations we obtain that:

=rm) & @-%—@ c @-%—@ c @%@ € =1m)

Hence, the equality between all of them. O

3.4 Properties of the rewriting relation commutative formal power series

Proposition 3.9

If the order < is compatible with the degree, then the relation —& of the system Xp is

transitive.

Proof. First, let us prove that for all f, g, h € K[[z1, - - -, 2,]] such that f 99 > h we have f -9 h.
Let f,g,h € K[[z1, - - -, 2,]] such that f —9 g and g —> h. By definition, that latter relation implies
the existence of m € [z1,- -+, x,] and s € R such that:
{glm - LMcor (s))

h= 9= LC<0P (S) xS

Note how LMcop (g — h) = m - LMcop (s).
Let U be an open neighbourhood of h.
If g € U, then U is also a neighbourhood of g and therefore, since f -9, we obtain f - h.
Assume thus that g ¢ U. Therefore, there exists Ny € N such that B (h, 735) G U and
deg (LM<op (g — h)) < Ny, i.e. d(g,h) > 21+U because the order is compatible with the degree.

Since we have f — g, there exists a sequence (fr)pen of formal power series in K[|z, -, 2,]]

such that fo = f and for all k € N f % fr as well as limg oo fx = ¢.

By that latter limit property, we can assert the existence of Ky, € N such that for all £ > Ky,
we have (fx,g) < 21+U But, since also Ny > deg (LMcor (g — h)) = deg (m - LM.op (5)), we get
(glm - LMcop (8)) = <fKNU ‘m - LM cop (s)> # 0 (non-zero because we rewrite g into h using m and
s).

Write:

/ <fKNU ‘m - LM cop (s)>
Tieng = Jrey, = LC—or (5)

m X s.

This is the direct successor of fx —that we obtain by rewriting m - LMcor (s) using the rule s.

Then, we compute h — kaU =9~ Ky, -
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Thus, it follows that 6 (h, f}(NU) 5 (g fKNU) <

Hence, we have exhibited f;(NU ( '3 NU) C U such that f *> fKNU — fKN , which conludes
the first part of the proof.

By simple induction, it follows that for all f, g, h such that f -9 %> h we have f - h.

Now, let f,g,h € K[[z1, -, z,]] such that f -9 - h. Then there exists a sequence (gk) ey

such that go =g and for all k € N g %> gr. as well as limg_,00 g = h.

Let € € Rypo. Since limg_,o0 gr = h, there exists K. € N such that §(gxk,,h) < §. Thus we
have f -9 %> gr.. But by the previous part of the proof, it follows that f P IK. - Now, it
follows that there exists a sequence (fx),cy such that fo = f and for all k € N f % fr as well
as limy o0 ft = gi.. Therefore, there exists K. € N such that §(fx:,9x.) < 5. In conclusion,
we have on one hand §(fx:,h) < d(fx:,9x.) + 0(9k.,h) < 5§+ § = € and, on the other hand,

25 fis. Hence f h. O
F g fre g2

Proposition 3.10

If the order < is compatible with the degree, then the system Xpg is normalising with respect

to @

Proof. By Dickson’s lemma, there exists S := {s1,- -, s, } C Rsuch that (LM.op (S)) = (LM<or (R)).

Forany f € K[[z1, -+, xy]], consider Ry := {m - LMcop (s) € supp (f) | m € [x1, -, 2,] A s€ R} =
{m-LMco» (s;) | m € [21,- -, 2] A P €[L..7]}.

Let f € K[[z1,--,2,]] and let us construct by induction a sequence (fy),cy of formal power series
in K[[z1, -, zy]]

Base step: fy:= f.

Induction step: Let k € N such that fy % f1 % ? fr and for all ¢ € [0..k — 1], if Ry, #
@ # Ry, then ming Ry, < minc Ry, .

If Ry, = @, then f; € NF (X) and f = f % fr. If that is the case, define all subsequent fj/ to
be equal to f.

Otherwise, there exists a minimum element in Ry, , denote it my := min. Ry, . By definition, it
means that we can rewrite my in fi using a rule s; € S (i.e. there exists m € [z1,- -, x,] such
that my, = m - LMoo (s;)). Thus define:

(fxlmg)

Jot1 = fr — TCoon (57)

m X ;.

It follows that either Ry, , = @ or min< Ry, , > min< Ry, , which allows us to continue the
induction.

Limit step: in any case, repeating this process ad infinitum yields a infinite Cauchy sequence.
Indeed, if at some point we have Ry, = &, then the sequence is stationnary and therefore Cauchy.
Otherwise, we have deg (LMcor (fr, — fr,)) = deg(Mmin{k, k,}) for any ki # ko in N, therefore,
since the order is compatible with the degree and by induction hypothesis, we get that:

§(fk17fk2):; — 0.

9deg(Mmin{ky ka}) ki ko—so0

Since K[[z1,- -+, 2,]] is a complete metric space, (fy),cy being Cauchy implies there exists
g € K[[z1, - -, x,]] such that limgen fr = ¢g. Hence, we obtain f = fy 9 and, therefore, f =9

But, by construction, g is a normal form. Hence the result. O
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If the order < is compatible with the degree, then for all sequence (fy), oy of formal power

series convering to g € K[[z1, -+, x,]] and for all m € [zq, - - -, ], if for all £ € N, we have
LM_or (fi) > m, then TM ces (g) > m.

Proof. Assume we have LM _op (g) < m, then for all k € N, LM_.op (g9 — fi) < m. Since the order
is compatible with the degree, it follows that d(g, fx) > Zjeg% Hence, fi cannot be converging to

g, a contradiction. O

Proposition 3.12

If the order < is compatible with the degree, then the system X has globally attractive normal
forms (GANF).

Proof. Let ¢ € NF (X). We start by showing that for all f,g € K[[z1, -, x,]] such that f —©g¢ it
follows that LM cop (f — ¢) < LMcor (g — ¢). Let m < LMcop (f — £). This means that (f — ¢|m) =
0 from which we deduce (f|m) = (¢|m). Therefore, if m € supp (f), then m is irreducible (since it
also appears in £). Since f —® g, there exists a sequence (fx),cy such that fo = f, f =5 f}, for any
k € N and limy o fr = g. But, since all monomials m < LMcop (f — ¢) that are in the support
of f are irreducible, it follows that LMcep (f — £) < LMcop (f — £) for all k € N. Hence by the
previous lemma, we get the result.

Now we conclude to GANF by using the uniform structure provided by the metric § and noticing
that §(f,¢) = (g, ¢) by compatibility with the degree. O

Since a metric space is always Hausdorff, we get by Propositions 3.9-3.10-3.12 and Theorem 2.52,

the following corollary:

Corollary 3.13

If the order < is compatible with the degree, the following properties are equivalent for the

system Xg:
« Topological confluence,
o Infinitary confluence,

e Finitary confluence with respect to >*§ or >%>),
o Church-Rosser property with respect to @, >%>) or —.
o Normal form (NF) property with respect to =, =9 or 8,

e Unique normal form (UN) property with respect to =D, P or .

3.5 Standard bases

Definition 3.14 : Standard basis

Let I be an ideal of K[[z1, - - -, zy]].
A subset R of I\ {0} is said to be a standard basis of I according to the order < if it

satisfies:

VfeI\{0}, 3Ise€R, ImeE]lzry, - x,], LMcor (f) =m LMco» ().
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A set R CK[[z1,- -, x,]] \ {0} is said to be standard basis according to the order < if
it a standard baiss of I(R), the ideal generated by R, according to the order <.

Definition 3.15 : Standard representation

| r

Let R C K[[z1, -+, 2,]] \ {0} and < an admissible monomial order.

We say that f € K[[z1,---,z,]] \ {0} admits a standard representation with respect
to R and < if there exists a finite subset {s1,---,s.} € R and a r-tuple (g1, -, ¢,) €
K[[z1, - -, 2,]]" such that:

7= Z(h X 8 with  LMcer (f) = m<in {ILMcop (q; X s3) |1 € [1..7],q; #0}.
i=1

Note how if f has a standard representation with respect to R and < then automatically we have
feI(R)\ {0}. We will show that the converse implication is true if and only if R is a standard

basis.
Fix R C K[[z1, -, 2,]] \ {0} and < an admissible monomial order on [z1,- -+, 2,]. Consider the
topological rewriting system Xg := (K[[z1, -, z4]], 75, = )-

R
The following lemma follows in a straightforward manner from the definition of standard repre-

sentation:

Lemma 3.16

Let f € K[[z1, -, x,]] \ {0}. If f admits a standard representation with respect to R and
<, then it is in the ideal J([?) generated by R and is lead-reducible by — .

\

Lemma 3.17

Let f € K[[z1, -, x,]] \ {0}. If the order is compatible with the degree and if f =0, then
f admits a standard representation with respect to R and <.

. J

Proof. Assume that f 0. By definition, this means that there exists S := {s1,--+,s,} C R and
a sequence (fx),cy such that fo = f, fr % fr+1 for all kK € N and limg_, oo fr = 0.

We are going to define inductively a sequence <q(k)) N for each ¢ € [1..7] such that their limits
€

i
form a standard representation of f with respect to S and <.
Base step: qgo) :=0forallie[l..r].
Inductive step: let k£ € N and suppose that the r sequences (qz(k)> are constructed up to and
keEN

including the rank k in such a way that we have the following induction hypothesis:
k
f:fk"‘zqz( ) x s
i=1

If fx = fx+1, then define quH) = qgk).
Otherwise, we know we must have fj < fr+1. Hence, there exists i, € [1..7] and m; €

[x1,- -, @] such that:
(fxlmu - LMcov (s3,,))
LC<0p (Szk)

ferr = fu — My X S, -

Then define qgkﬂ) = qgk) for any i # i and:

g0 = ) (fe|my - LM cop (s4,))
LC<0P (slk)

mp.
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By a simple computation and by making use of the induction hypothesis, we do indeed obtain the
following equality: i
f=frr1+ ZQE’H_I) X 8.
i=1
Thus, we can continue the induction.

Limit step: repeating this process ad infinitum this yields r sequences (ql(k))keN. Note how,
since (fx)gey 18 @ Cauchy sequence (because it converges), the sequence (deg(myg)),cy blows up
to infinity. It follows that for each i € [1..r], the sequence (ql(k)>keN is Cauchy since it is either
stationary or consist of terms differing by ever-bigger monomials from the (mz), oy sequence. Note

q§°°) the limit of (qgk) )k ; for i € [1..7]. The induction hypothesis gives us at the limit:
€

i i
f= lim (f/mLZZ:;qZ X 8 0+;qz X 8

Moreover, the minimum min. {LM<op <q§°°) X si> ‘ iel.r],q # 0} is exactly the lowest
monomial rewritten in the reduction sequence f =90 which is obviously LMces (f) because we
rewrite into zero and thus the only way to rid ourselves of the LM op (f) is by rewriting it and its
coefficient will never be affected by subsequent reductions.

In conclusion, the set S = {s1, -, 8.} C R together with the r-tuple (q%oo), e qﬁoo)) €

K[[z1, -+, 2,]]" form a standard representation for f with respect to R and <.

Lemma 3.18

Let f € K[[z1, -+, @,]] and « € NF (X). Then, f »® « if, and only if, f — o »&0.

Proof. Assume f »®a. Then there exists (fi),cy such that fo = f, fx — frq1 for all £ € N and
limy, fn = a. Consider the sequence (f},), o defined as f; := fy—a forallk € N. Thus fj = f—a.
For all k € N, if fi = fry1, then f; , = fi. Otherwise, fr — fri1, hence there exists m €
[z1,- -, x,) and s € R such that (fi|m - LMcer (s)) # 0 and fr41 = fr — Wm x s. But
since « is a normal form, (a|m - LMcop (s)) = 0 and hence (fi|m - LMcop (s)) = (fi.|m - LMcop (s))

and thus:

fig1 = fo1 —a= (fk - <fk|rz(.ji\:[?;)p () s) —a
- LM cop
_ (fk _ Oé) _ <fk|7zc<op ?S) (S)>m X s
r|m - LM cop
fllc—i-l — f]/c _ <fk|7zc<op ?S) (5)>m X S

Therefore, in either case, we have f; — f; ;. Finally, we have limy o f, = (limp o0 fr) —a =
a—a=0. Hence f —a 0.

Assume that f — a =©0. Hence, by Corollary 3.4 of translation, there exists g € K[[x1, -, x,]]
such that f ~© ¢ and « =@ g. Since this implies @ —© g and we also have that o € NF (X), it follows
from Proposition 2.26 that « = g and hence f >® g = a. O

Theorem 3.19 : (Characterisation of standard bases)

Let R C K[[z1,- -, z,]] \ {0} and < an admissible monomial order. Consider the topological
rewriting system Xg := (K[[z1, -, @n]],7s, > ). Denote by I := I(R) the ideal generated
by R.

Then, if the order < is compatible with the degree, all the following statements are equivalent:
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(i) the system Xg is topologically confluent,
(i) for all f € I, we have f =0,
(iii) for all f € I, we have f @0,
(iv) for all f € I, we have f —©0,
(v) for all f € I\{0}, then f admits a standard representation with respect to R and <,
(vi) for all f € I'\ {0}, then f is reducible,
(vii) the set R is a standard basis,

(viii) the map NF (X) — Kllz1,2x]l/1 is bijective.
o —aoa+l

Proof. (i) = (ii) and (iii) and (iv): By Corollary 3.13, the assumption (i) implies the normal form
(NF) properties with respect to =, =@ and - Let f € I. Then f — 0 € I, that is to say:
f =0 (mod I). By Theorem 3.8, it follows that f@%@O, f@%@o and f@%@o. Finally, by
NF, since 0 is a normal form and the base relations are transitive, we obtain that f >j§07 f >§DO
and f 7@0.

(ii) = (v): This exactly the content of Lemma 3.17.

(iii) or (iv) = (vi): By contradiction, suppose (iii) or (iv) and = (vi), let f € T\{0}. By assumption
- (vi) we get that f is not reducible, i.e. f € NF (Xg). But by assumption (iii) or (iv), we have
f ﬁDO. Hence, by Proposition 2.26, it follows that f = 0, a contradiction.

(v) = (vi): This is evident with Lemma 3.16.

(vi) = (vii): By contradiction, assume (vi) and that there exists f € I\ {0} such that LM op (f)
is not divisible by any LM o (s) for s € R. By Proposition 3.10, there exists a € NF (Xr) such
that f - . Hence, by Lemma 3.6, we have f — « € I and f # « since f € [ is reducible by
assumption (vi). Hence, we get that o € I\ {0}, which means by assumption (vi) again, that « is
reducible, a contradiction.

(vii) = (viii): By contradiction, suppose the map is not injective. We thus have o, § € NF (Xg)
such that a # g and a+ I = 8+ I. It follows that « — 8 € I\ {0}. By assumption (iv), there
exists s € R such that LMcop (s) divides LMcop (v — 8). This necessarily means that at least one
of LM cop () and LM cop () is reducible which contradicts « or 5 being normal forms.

(viii) = (i): By Corollary 3.13, showing topological confluence of Xy is equivlaent to show-
ing the topological Church-Rosser property. Let f,g € K|[[z1, -+, z,]] such that f®@~®g. By
Proposition 3.10, there exist o, 3 € NF (Xg) such that f -®a and g —© 3. Then, a @ 3. By
Theorem 3.8, it follows that o — 5 € I. By assumption (viii), we get that « = 3. Hence, we obtain:

f® . oy
\@a:ﬁ@/
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Example 3.20 : (Counter-example “topological confluence = confluence”)

Consider the K[[z,v, 2]], < the deglex monomial order such that z < y < z and:
R = {z—x,z—y,y—yz,x—xQ}.

Notice how R is a standard basis according to <. Indeed, LM<op (R) = {2, y,z} and for
any f € I(R), we have val(f) > 1, hence by compatibiliy with the degree, it follows that
there exists £ € {z,y, 2z} such that LMep (f) is divisible by £. By the previous theorem,
we conclude that the topological rewriting system associated to < and R is topologically
confluent.

However, consider the following branching:

\Mx 2 zF

The two branches will never join in a finite amount of steps, therefore the system cannot be
confluent.
Note how by topological confluent we can join the branches topologically. Indeed, notice

how the two branches converge to 0 for the topology, therefore we obtain:

3.6 Existence of chains for formal power series

Throughout this subsection fix n a positive integer, K a (commutative) field, < an admissi-
ble monomial order on [z1,---,2,] and R a non-empty set of non-zero formal power series in
K[[z1, -+, xn]]. Write X := (X, 75, — ) the topological rewriting system where X := K][[x1, - -, zy]]

and — = -

If the order < is compatible with the degree, then chains exist in X if and only if for all
f,9 € K[z, -, zn]] such that f — g there exists h € K[[z1, -, zn]] such that f — h —©g.

Proof. The left-to-right direction is trivially verified considering the Proposition ?7.

To prove the other direction, we make use of the fact that, K[[x1, -, z,]] being a metric space,
it is first-countable. Therefore, we can use Theorem ??. Let us fix the neighbourhood bases for
proxmity maps to be, for g € K[[z1,- -, 2,]], BJ := B (g, QL) Therefore, by compatibility with the

degree, the proximity maps are such that:

00 if f=y,
Pg(f) = .
deg(LM_oop (f —g)) otherwise.
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Hence, for chains to exist it suffices to show that there exists h € K[[z1,- -, z,]] such that
f = h—©g and deg(LM_op (h — g)) > deg(LMco» (f — g)).

Assume the right-hand side of the equivalence. Let f and g in K[[z1, -, 2,]] such that f —©g. If
f = g then trivially f ~©g¢. Let us suppose then that f 29 By hypothesis, this means that there

exists hg € K[[z1, -+, x,]] such that f — hg —©g. Now, necessarily hq =9 because if hg = g
then we contradict f =9 Therefore we can apply the hypothesis again on hg =9 and find
hi € K[[z1, -+, zp]] such that ho — hi = g. And so on and so fourth, we construct a sequence
(hi)en such that by — hyq1 and hy, Y for all k € N.

Now, since f :— g, we have that, for all £ € K[[z1, - -, )] such that ¢ 72 9, L and [ agree on all
monomials that are strictly smaller that the minimum between LM cop (¢ — g) and LM cop (f — g). In-
deed: write pmin € {f, ¢} the formal power series such that LM cop (pmin — ¢) = mine {LMcop (f — g) ,LMcop (£ — g) };
assume that there exists mg € [z1, -, 2] such that mo < LMcor (Pmin — ¢) and (f|mo) # (€|mo).
By the first assumption, we get that (f — g|mg) = (£ — g|mo) = 0 from which we deduce that
(f|lmo) = (€|mg), a contradiction of the second assumption.

Now, since we have finitely many variables and the order is compatible with the degree, there are
only finitely many monomials m such that m < LMcop (£) for any fixed non-zero ¢ € K[[z1, - - -, ]
Therefore, the infinite sequence (A4 ), oy cannot verify that LM cop (ho — g) < LMcop (f — g) because
otherwise this would mean we have rewritten in f a monomial m smaller than LM op (f — g) (thus,
(flm) = (glm)) and so, we would have (ho|m) = 0. However, we must have g ;— g so we must be
able to “recover” the correct coeffient of m which is possible only by rewriting monomials that are
smaller than m. But this means that we have the same problem for those smaller monomials that
we rewrite, and since they are finitely many of them and that the sequence (hy ),y is infinite, this
is impossible.

Finally, by repeating this reasoning on the sequence (hy),cy, wWe get that:
LM<op (f — g) < LM<op (ho — g) < LM<op (hl — g) <L e

Hence, since we have finitely many variables and the order is compatible with the degree,
it follows that there necessarily exists a k € N such that P;(hy) = deg(LMcop» (i, — g)) >
deg(LMcor (f — g)) = Py(f), which concludes the proof that chains exist. O

Example 3.22 : (Chains do not always exist for commutative formal power series)

Consider K[[z,y]] with the usual adic topology, < the deglex monomial order with x < y
and the relation defined by:
R := {x—yk | k}l}.

Then, we can see that © —® 0 because z — y* for any k& > 1 and limgen y* = 0.
However, we do not have any rewriting chains from z to 0 (i.e. we do not have z ~©0)

because each y* (k > 1) is a normal form in the system.

. J

Theorem 3.23 : (CHAINS CONJECTURE)

Here is a following conjecture that remains to be proven or disproven:

If the order < is compatible with the degree and R is finite, then chains exist in the system.

Todo: show special cases that have been proven (if R is a standard basis, if the formal power

series considered are actually polynomials, etc.).
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